5. Response of Linear Time-Invariant
Systems to Random Inputs

System:

System

Intput Signal O——— 0 Output Signal

We look at a system as a black box which generates an output signal depending
on the input signal and possibly some initial conditions.

We consider two types of signals:

* Discrete-time signals or sequences

x(n)A
| .
2 -1 0 1 2 3 4.n
* Continuous-time signals
x(t)A
,\/ -
\/ t

Discrete-time signals are obtained by sampling continuous-time signals.
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5.1. Discrete-time linear time-invariant (LTIV) systems

5.1.1. Discrete-time LTIV system

LTIV system
x(n) o—— T 0 y(n) = Llx(n)]
Linear:
xq(n) y(n)
x2 (l’l) . LTIVI_SyStCIIl y2 (n)
alxl(n)+a2x2(n) alyl(n)+a2y2(n)
Time-invariant:
x(n) y(n)
| LTIV system
x(n—n) L y(n-ng)

5.1.2. Steady-state description of a LTIV system

o Impulse response:
The impulse response (IR) /(n) of L is the response of L to the unit pulse

1. =
sm=n'i "0,
D .

0; n#0
namely
h(n) = L[0(n)]
xn)p= 0(n) h(n)p= L[0(n)]
1+ L
‘
10 1 2..m .2 -1 0 1 2 3 4. .n
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e Stable LTIV system:
A LTIV system is stable if its response to a bounded signal is bounded.

It can be shown [to this end we need (5.1)] that a LTIV system is stable if, and
if,

> ln(m)l <o

m = —oo

Proof:

e Causal LTIV system:
h(n) =0 for n<0

An)p= 0(n) h(n)p= L[0(n)]
11 L
‘
10 1 207 2 106 1 2 § in

* Input-output (I-0) relationship of a LTIV system (time domain):

y(n) = :z_ h(m)x(n—m) )

h(n)*x(n)

The symbol * denotes the discrete convolution operation.

Proof:



* (Discrete) Fourier transform:

Here, z(n) denotes an arbitrary sequence.

[ee]

Z(f) = F{z(n)} = Z z(n)exp(—j21f) (I/1<172)

n=—oo

1/2

z(n) = F {Z(f)} = [ ZNexp(iamf)df

-1/2

Useful property extensively used in the sequel:

Proof:

z(n—ny) o——e exp(—j21n,f)Z(f)

L]

o (Frequency) transfer function of a LTIV system:

H(f)=F{h(n)} = z h(n)exp(—j2Tnf)
n=-—-
e I-O relationship of a LTIV system (frequency domain):
Y(f) = H()X(f)
Proof:

[]
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* Summary: I-O relationship of a LTIV system:

Time domain

Frequency domain

y(n) = h(n)*x(n)

LTI\hf (s}zl)stem v(n)

Y(f) = H(f) X(f)

5.1.3. First- and second-order characterization of a LTVI system

* Random input and output sequences:

If X(n) is a random sequence (or process), so is Y (n).

X(n)o——

LTIV system
L

oY (n) = L[X(n)]

» Second-order characterization of random sequences:

Here, Z(n) denotes an arbitrary random sequence.

- Expectation:

Wy (n) =E[Z(n)]

- Autocorrelation function:

R, (ny,ny) =E[Z(n))Z(n,)]

o Second-order properties of the output sequence Y (n):

- Expectation:

Hy(n) = h(n)* iy ()



- Autocorrelation function:

00 00}

RYY(nl’nz) = Z Z h(ml)h(mz)RXX(nl—ml,nz—mz)

Proof:

5.1.4. Wide-sense-stationary (WSS) processes
* Definition:
A random sequence Z(n) is WSS if the following conditions are satisfied:

- Expectation:
Hz(n) = E[Z(n)] =,
- Autocorrelation function:

R,,(n,n +k)=E[Z(n)Z(n +k)] = R,,(k)

» White process:
Z(n) is a white process if it satisfies the following conditions:

- Z(n) is a random process

- g(n) = E[Z(n)] = 0
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"R, (nn+k) = E[Z()Z(n+k)] = R,,(k) = 0, 8(k)
R (kA

OZ <+

.1 0 1 2..n

* Autocorrelation function of the impulse response:

Ryy(6) = 5 h(m)h(m+Kk)

m = —oo

h(k)*h(=k)

Proof:

]
» Second-order I-0O relationship of a LTVI system (time domain):
- Expectation:
o)
My = |: Z h(m)}uX = H(O)UX
m = —oo
- Autocorrelation function:
Ryy(k) = Ry (k)*R (k)
Proof:

[



» Power spectrum of a WSS process:
The power spectrum of the WSS process Z(n) with the autocorrelation func-

tion R,,(k) is defined to be

Szz(f) = F{Rzz(k)} = Z Rzz(k)eXp(_jo[kf)

n=—0o

Notice that from the inverse Fourier transformation
1

2
Rzz(k) - J'SZZ(f)exp(j2T[kf)df
1

2

we conclude that
1

2
E[Z(n)’] = R,,(0) = [ Szz(0drf
1

2

* Spectrum of a white process:
If Z(n) is a white process:

Sz72(f) = 0Z2

Szz(f) A
022

-0.5
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» Second-order I-0O relationship of a LTVI system (frequency domain):

Proof:

Syy(f) = HUNS ()

* Summary: Second-order I-O relationship of a LTIV system:

Time domain

My = H(O)UX
Ryy(k) = Ry, (k)*R ()
G T
PR Shai’ A0 N
H(f)»={H(f) Sy S)

Frequency domain

Syy(1) = [HS gy ()

5-9



5.1.5. Example: First order recursive filter

* Block diagram and recursive equation:

> y(n)
Unit y(n—-1)
xn) . delay
.
Qy(n—1) \
Wn) = xn) +@(n—1) (Mn) =0 n<0)
o Impulse response:
xn) = &(n) h(n)
1+ L 14
—
© |2 .3 4
- ‘ ¢ 1o 19,
-1 0 1 2.."7 -1 0 1 2 3 4..n
E 0 0
; n<
h(n) =0
B(p ; n=0
 Stability condition:
©0 00 N
_ no_ .. 1-|q
Z |h(7’l)|— qu _th_,OOI_'(d < 0 < |(p|<1
n=—o n=>0
N LNt
l-a
n=20
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e Transfer function:

H(f)

= F{h(n)} = ZcpneXp(—ﬂﬂnf)
n=0

=Y [gexp(-2m)]"
n=20

1
1 — @exp (—j211f)

—-0.5

Another more direct way to compute the transfer function:

An) = xn) +@y(n—-1)

!

(f) = X(f) + @exp(=/21) Y (/)

* Random input and output:

X(n)

Unit
delay

Y(n—-1)

oY (n—1) Q‘f

Y(n) = X(n) +@Y(n-1)

» Y (n)
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Second-order I-O relationship:
- Time domain:

My = H(O)UX
1

Ryy(k) = Ry (K)*R ., (K)

o
= ) *RXX(k)
)
i + |k k - 2 kK 1
Ryp) =5 @"¢" M= g > ¢ = g -
m=0 m=0 1_(p

- Frequency domain:
Syy(f) = IH(NIS ()

- 1 2SXX(f)
|1 — @exp (—/211)|

» Special case: AR(1) process (see Section 6.2):
If X(n) is a white Gaussian process,

Hy =0
|l
__9 2
Ryy (k) 50y
1-q
Ryy (k)
oy
CPO%( lf(pZ (pO%(
P oy 1—(\02 lf(pz (chi
NN
L] [ 1
-1 0 1 k
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2
Ox

Syy(f) - 3
|1 — @exp(—/211)|

Syy(f)‘

One realization of Y (n):

3.00

2.00— A ﬂ
1.00 |— n *

y(n)
<

-1.00

-2.00 ‘ V
| | | | | |

-3.00
0

20 40 60 80 100
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5.2. Continuous-time LTIV systems

5.2.1. Continuous-time LTIV system

x() o—— FHVYII o () = LIx()]

Linear:

x, (1) y1(0)

x2 (t) . LTIVLsystem y2 ( t)

ax (1) +ayx (1) ayy,(t) +a,y, (1)

Time-invariant:

x(t) y(1)

| LTIV Lsystem
x(t-t,) y(t-tg)

5.2.2. Steady-state description of a LTIV system

o Impulse response:
The impulse response /(¢) of L is the response of L to the Dirac impulse

[00]

ag;%w;t=0 Iaom=1,
0o0; t#0 -,
namely
h(t) = L[3(¢)]
A1) 4= o(¢) h(1)p= L[3(z)]
L
1 / /_\
(,) > — »t
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e Stable LTIV system:
A LTIV system is stable if its response to a bounded signal is bounded.

It can be shown [to this end we need (5.2)] that a LTIV system is stable if, and
if,

00

J'Ih(l)ldt<°°

e Causal LTIV system:
h(t) =0 <0

o Input-output relationship of a LTIV system (time domain):

[ee]

y(1) = J'h(T)x(t—T)dT
(5.2)

— Wty x(r)

Here, the symbol * denotes the continuous convolution operation.

* (Continuous) Fourier transform:

(0]

Z(f) = FLz()} = [ z()exp(-j2mn)an
(1) = F {Z(f)} = [ 2()exp(2mi)d

» (Frequency) transfer function of a LTIV system

00

H(f) = F{n()} = Ih(t)eXp(—jZHﬁ)dt

» I-O relation ship of a LTIV system (frequency domain):

Y(f) —H(f)X(f)‘
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* Summary: I-O relation ship of a LTIV system:

Time domain

y(t) = h(1)*x(2)

x(t) LTI\; ?%f)stem y ( t)
_________ SO - S D .

X(f) H(f) Y(f)
Frequency domain Y(f) = Hf) X(f)

5.2.3. Second-order characterization of LTIV

* Random input and output processes:

LTIV

X(t) o—— ———0 Y(¢t) = L[X(1)]

* Second-order characterization of random processes:
Here, Z(¢) denotes an arbitrary random process.

- Expectation:
U, (1) =E[Z(1)]
- Autocorrelation function:

Ry, (1), 1,) =E[Z(1,)Z(1,)]

o Second-order properties of the output process Y (t):

- Expectation:
Hy (1) = () *u (1)

- Autocorrelation function:

o0 00

Ryy(t),t,) = J' J' h(u ) h(uy)R oy (2 =1y, ty —uy)dudu,

—00—00
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5.2.4. Wide-sense-stationary (WSS) processes

» Wide-sense stationarity:
A random process Z(¢) is WSS if the following conditions are satisfied:

- Expectation:

U (1) =,

- Autocorrelation function:

» White process:

RZZ(tl, 1 + 1) ERZZ(T)

Z(t) is a white process if it satisfies the following conditions:

- Z(t) is a random process

(1) = E[Z(1)] = 0

R, (t,t+T) = B[Z(DZ(t+1)] = R,,(1) = 0,°5(7)

RZZ(T)I

a,78(1)

* Autocorrelation function of the impulse response:

* Second-moment I-O relationship of a LTVI system (time domain):

- Expectation:

[e¢]

R, (1) = J'h(u)h(quT)du

h(T)*h(-T)

[ee]

Hy = Ih(”)d” My = H(O)UX
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- Autocorrelation function:

Ryy(T) = th(T)*RXX(T)

* Power spectrum of a WSS process:

Z(t) is WSS with the

Notice the identities

autocorrelation function R, (T).

Szz(f) =F {Rzz(r)}

[e0]

E[Z(1)7] = R,/(0) = [ Sz20)dr

* Spectrum of a white process:

If Z(¢) is a white process:

Szz(f) = 022
Szz(F) A
(222
>
0 A

e Summary: Second order I-O relationship of a LTIV system:

Time domain

My = H(O)UX
Ryy(D) = Ry (D*R (1)

My, R XX(T) hl(gl_\Ls}}gZer?T) My, RYY(T)
_______ AN e Thati" S N
S i f) H(f)»H(f) Sy f)

Frequency domain

Syy(f) = [HA)IS 4y (f)
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5.2.5. Example: Ideal integrator

* Block diagram and input-output relationship:

t
1) —mf % I x(a)da —— )(?)
(—T

t

W) = 71, [ *(@)da
t—T

* Impulse response:

h(t)f L[3(7)]

A1) 4= 0(¢)
L 1
| — T
: > |
0 t T
31
— <t<
ey =o7’ 05T
E 0 ; elsewhere

Proof:
t

01 - _
lj'é(d)dG=D1’ 00 (te—T)
Tt . 00 ; elsewhere

o(a)
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 Stability condition:

(0]

Ilh(t)ldt =1

e Transfer function:

[ee]

H(f) = F{r()}} = J'h(t)eXp(—ﬂﬁﬁ)df

T —00
1 : _ . sin(T/7T)
= T{exp(—ﬂnﬂ)dt = eXP(—JT[fT)T
= exp(—jTYT)sinc(fT)

IH(N)
1
1 9 1 2 7
T T T

Proof:
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* Random input and output:

t
X(t) — % I x(a)da - Y (¢)
t—T

t
¥(£) = % [ ¥(o)da
t—T

* Second-order I-O relationship:
- Time domain:

My = H(O)UX

Ryy(1) = Ry (D*R (1)

with
[
g o
-4 — T <T<
th(T)ZET%l T F<t<T
] 0 ; elsewhere
Ryp(1)
1
T
>
-T 0 T T
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Proof:

- Frequency domain:

Syy(f) = HUS ()
— sinc(/7)”S yy (f)

o Special case: X(t) is a white process,

[
1% I
H.¢ T .
“Y_O RYY(T):ET%_TD, -I'<t<T
E 0 ; elsewhere
RYY(T) A
2
Ox
T
>
-T 0 T T
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Syy(f) = Oysine(/T)’

Syy(fh

N

N —

NN
o /
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